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Abstract. For the Lie algebra qI^ we introduce a system of differential operators called 
the dynamical operators. We prove that the dynamical differential operators commute with 
the gl^ rational quantized Knizhnik-Zamolodchikov difference operators. We describe the 
transformations of the dynamical operators under the natural action of the gl^y Weyl 
group. 



1. Introduction 

The rational quantized Knizhnik-Zamolodchikov difference equations associated with 
the Lie algebra gl^ is a system of difference equations of the form 

(1.1) U{zi, . . . ,Zi + p, . . . ,Zn;Xi, ■ ■ ■ ,Xn) = 

•2-1 ) • • • ) Z,fi , Ai, . . . , Xn) f/(2;i, . . . , Ai, . . . , Xn) , 

i = 1, . . . , n. Here p is the step of the difference equations, U{z] X) is a function with 
values in the tensor product Vi ^ . . . ®Vn of n highest weight g [^-modules, Ki{z; X) 
is a suitable linear operator on the tensor product. The qKZ difference equations have 
found many applications; for example, see |EFKj . |.TMj . |V2j . In |TV5j we suggested a 
system of differential equations of the form 

(1.2) (^^"^ La{Zi, . . . , Zn] Xi, . . . , Xn)'^ U{Zi,...,Zn;Xi,...,XN) = 0, 

a = 1, . . . , N . Here La{z; X) is a suitable linear operator on Vi ® . . . ® . We called 
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this system the dynamical differential equations. In this paper we prove that the qKZ 
difference equations and dynamical differential equations are compatible, and describe 
the transformation properties of the dynamical equations under the natural action of the 
Weyl group. 

The phenomenon of existence of dynamical equations compatible with KZ equations 
was discovered in |FMTVj . There are many versions of KZ equations: rational and 
trigonometric, differential and difference. For each version of the KZ equations there 
exists a complementary system of dynamical equations which is compatible with the KZ 
equations. In jFMTVj the rational differential KZ equations were considered and the 
compatible dynamical differential equations were introduced. In |TV4j the trigonometric 
differential KZ equations were considered and the compatible dynamical difference equa- 
tions were introduced. In |EVj the trigonometric difference KZ equations were considered 
and the compatible dynamical difference equations were introduced. 

All versions of KZ equations have hypergeometric solutions, see |SVj . |Vlj . |TVlj . 
|TV2j , |TV8j , |FVj , |FTVj . The general conjecture is that the hypergeometric solutions 
also satisfy the corresponding dynamical equations. For rational KZ differential equa- 
tions that was proved in |FMTVj . for trigonometric KZ differential equations that was 
proved in |MVj . We plan to prove that the hypergeometric solutions of the rational qKZ 
difference equations also satisfy the dynamical differential equations ()1.2|) in our 

next paper. 

The fact that the hypergeometric solutions of the KZ equations satisfy also the addi- 
tional dynamical equations is useful for aplications. For example, the dynamical equa- 
tions, in principal, allow us to recover the hypergeometric solution from the asymptotics 
of the solution as A tends to a special value. In [TV6. we used the dynamical equations 
in that way to find a formula for Selberg type integrals associated with ^[3 . 

There is also another phenomenon: the KZ and dynamical equations correspond to 
each other under the (g[^,0[„) duality. This phenomenon was discovered in [T\ and 
[TVS]. It turns out that under the (0[jv,0t„) duality the KZ and dynamical equations 
associated with gljy become respectively the dynamical and KZ equations associated 
with qI^ . That kind of the duality and the (partially conjectural) fact that hypergeo- 
metric solutions satisfy both the KZ and dynamical equations, in principal, allows us to 
identify hypergeometric solutions of the gtjy and g[„ KZ equations. We used that idea in 
|TV7j and ;TV8j to prove certain nontrivial identities between hypergeometric integrals 
of different dimensions. 

2. qKZ AND DYNAMICAL OPERATORS 

2.1. The Yangian y(gl^) and the rational _R-matrix. Let 6^,6, a, = 1, . . . , be 

the standard generators of the Lie algebra g[^, [ca^h , ^c,d] = ^hc^a,d — ^adC^^b ■ 

The Yangian Y{q{^) is the unital associative algebra with generators T^^l where a,b = 
1, . . . ,N and s = 1, 2, . . . . Organize them into generating series 

00 

s=l 

The defining relations in Y{qI^) have the form 



(2.1) 



U — V 
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The Yangian Y{qIj^) is a Hopf algebra with coproduct A : Y{glj^) Y{Q[p^) ® Y{q[j^) , 

N 

A : Ta,b{u) ^ ^ Tc,b{u) ® Ta,ciu) . 

c=l 

There is a one-parametric family of automorphism : y(gljv) ^(S^at) ; 

Px ■ Ta^biu) Ta^biu - X) . 

The Yangian Y{glj^) contains the universal enveloping algebra [/(g[^) as a Hopf 
subalgebra. The embedding is defined by Ca^b ^ T^]^ for all a,b = 1,...,N. We 
identify U{qIj^) with its image in Y{glj^) under this embedding. 

There is an evaluation homomorphism e : — > [/(gt^) , 

(2.2) e : Ta^fe(M) t-> 5a,fe + e;,,aM~^- 

Both the automorphism p^; and the homomorphism e restricted to the subalgebra t/(0[jv) 
are the identity maps. 

For a g[jv-niodule V denote by V{x) the y(gljv)"i^odule induced from V by the 
homomorphism e o . The module V{x) is called an evaluation module. 

Let Vi, V2 be Verma modules over gl^ with highest weight vectors ^1,^^25 respectively. 
For generic complex numbers x, y the Yangian modules Vi{x) ®V2{y) and V2{y) ® 
are known to be isomorphic. An isomorphism of the modules sends C(fi (S> ^2) to 
C{v2 ® Vi) . We fix an isomorphism requiring that the vector vi (S> V2 is mapped to 
V2^Vi. The isomorphism has the form 

PRv„v,{x - y) : V^{x) V2iy) ^ V2{y) V,ix) 

where P : Vi (8> V2 ^ V2 Vi is the permutation of factors, and Rviy2{x) takes values 
in End(Vi V2) . The operator i?v\,V2(^) respects the weight decomposition of the 
module Vi V2 and its restriction to any weight subspace is a rational function of x . 
The operator i?Vi,V2(^) is called the rational i?-matrix for the tensor product Vi (S> V2 . 

The definition of i?Vi,V2(^) ^is a normalized intertwiner of the tensor product of eval- 
uation modules is equivalent to the following relations: 

(2.3) Rvi,v2i^) Vi(S)V2 = Vi®V2, 

[i?Vi,V2(2;) ,ea,6 ® id + id® Ca^fc] = 0, 

N N 

RvuVii^) id ® ea,b - Yl ^a,c ® ec,b) = (xid (g) Ca^b - Yl ^c,b ® Ga^c) RvuVii^) , 

c=l c=l 

for any a,b = 1, , . . . , N . 

Let Vi, V2, V3 be Verma modules over g[^. The corresponding i?- matrices satisfy the 
Yang-Baxter equation: 

43. - y) Rv3s (^) (y) = Rv3 (y) Rv3s (^) Rv3 i^-y)- 

The formulated facts on the Yangian are well known; for example, see |MNOj . 
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2.2. The qKZ and dynamical operators associated with qIj^. Let Vi,...,Vn be 
Verma modules over gljy . Let Rviy^ix) be the corresponding rational i?-matrices. Let 
p, Xi, . . . , Xm be nonzero complex numbers. Denote by T„ the difference operator acting 
on a function f{u) by the formula 

{TJ)iu) = f{u + p). 
Define the operators Ki, . . . , Kn acting on Vi® ■ ■ ■ ®Vn- 

Km{z\ X) = {R^y;yl{Zl - Z^-p) ... R^yJ_\yl{Zm-l - Z^ - p))'^ X 

N 

-I— r (™) 

X 



W A/'" I^y^yJ^Zm Zn) . . . Ry^y^J^lZm ^m+l) • 



a=l 



Introduce the difference operators Zi,...,Zn, Zi = (^Ki{z; X)) ^T^., called the qKZ 
operators. They act on Vi . . . T4-valued functions of zi, . . . , Zn, Xi, . . . , Xn ■ 

Theorem 1 ( [FI{\ ) . The qKZ operators Zi, . . . , Z„ pairwise commute. In other words, 

Ki{zi,...,Zm + P,...,Zn;X) Km{zi, . . . , Z^, X) = 

= Km{zi, . . . ,zi + p, . . . ,Zn; X)Ki{zi, . . .,Zn;X) 
for all l,m = 1, . . . ,n . 

For a,b = 1, . . . , N , the element Ca^b acts on Vi ® . . . ® as ^ 6^]^ . Define the 



operators Li, . . . , Ln acting on Vi ® . . . ® : 



i=l 



i=l 6=1 l^iKj^n 6=1 



Q / , 'a, a / , / , a, 0, a / , \ \ 

«=1 6=1 l^J<j^;n 6=1 

Introduce the differential operators Di, . . . , Dn , 



d 

Da = PAaTTT- + La{z; A) , 
oXa 

called the dynamical operators. They act on Vi ® . . . ® V^-valued functions of zi, . . . , 
Zn, Ai, . . . , Xn ■ 

Theorem 2 (jTVSj). The dynamical operators Di, . . . , pairwise commute. 
The theorem is proved by direct verification. 

2.3. Compatibility of qKZ and dynamical operators. 

Theorem 3. The qKZ operators Zi, . . . , Zn commute with the dynamical operators Di, 
...,Dn. 

Proof. Since the operators Zi, . . . , Zn are invertible and pairwise commute, the claim of 
the theorem is equivalent to the following identities: 

[Zi...Zi, Da] = 

for all a = 1, . . . , N and i = 1, . . . ,n . To simplify notations we consider the case i = 1 . 
The general case is similar. 
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[K^{z■,X),La{z■X)] = 0. 

N 

Here K^{z■, A) = J] ^f" - ^n) • ■ ■ - ^2) • We have 



a=l 



(e )^ ^ X 

(2.4) La{z; X) = ^- (ea^foCfc^a - ea,a) - Ziea,a + 

0=1 

n TV 
1=2 6=1 l^i<jr:S;n 

The term z\ea^a commutes with K\{^z \ A) . The first two terms in the right hand side of 
()2.4|) commute with the product I^y^yJ^Zx — Zn) . . . Ryfy^{zi — Z2) since the /^-matrices 
commute with coproducts. To proceed with the last two terms we are using the second 
and third relations in ()2.3p . and commutativity of Ryl%. and e^^^ for distinct z,j not 
equal to 1 . For example, 

TV n 

<1 (.1 - .2) ((.1 - .2) eS - e« efl + Y.^z,-z;) e« - 

b=l i=3 
TV n TV 

(1) , „(2)^„(i) \^ „« 



(^ij + ^ij) X] 

b=l i=3 b=l 3^i<j^n 



TV n 

((^i-^2)eS-$:eSe2 + E(-^--^)^a- 



b=l i=3 

N n N 



- E E + - E E <=S4^) - . 

b=l j=3 6=1 3^i<j<n 

and consecutive calculations with other /^-matrices -Ryi y. are similar. Finally, we obtain 
(2.5) K,{z;X)La{z;X) = - z,ea,aK,{z; X) + 

TV 



+ 11 A^- ( - 2^ Y^TT: ~ + 

c=l ^ 6=1 



Xa — Xh 

n N n TV x 

+ E - - E E ^i>2 - E E X 

1=2 6=1 j=2 6=1 2^i<j^n ' 



^ - ^n) • • • - ^2) ■ 

The right hand side of ()2.5|) can be transformed into Lai^z] A) K\(^z] A) in a straightforward 
way. Theorem El is proved. □ 
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2.4. Dynamical operators and the Weyl group. The symmetric group Sn is the 
Weyl group for the Lie algebra glj^ . There is a natural action, denoted by tt , of Sn on 
U{glj^) : n{w){ea,b) = ew(^a),wib) w e Sn and a,b = 1, . . . ,N . 
Consider the space of linear differential operators of the form 

d 

D = pA„— + M(z;A), 

where a G {1, . . . , A^} and M is a. U (0[^)-valued function oi zi, . . . , Zn, Xi, . . . , Xn ■ The 
group Sn acts on this space by the formula 

d 

wD = pA^(„)— h 'k{w)M{z; A^(i), . . . , A^(jv)) • 

Theorem 4. We have wDa — Dyj(^a) for all w E Sn and a — 1, . . . , N . 
The proof is straightfirward. 
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